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ABSTRACT

In this report, we consider classes of the empirical functions available to
the metrologist to model multivariate data and discuss the algorithmic
requirements for using these models in data approximation. We first review
common examples of empirical functions of one variable and describe their
generic features relevant to models in higher dimensions. We then review
common approaches to modelling multivariate data including approaches
specific to data on a regular grid (e.g., tensor product polynomial and
splines) and more general approaches (e.g., radial basis functions and sup-
port vector machines). For each type of model we highlight their advantages
and disadvantages with respect to their applications in modelling metrolog-
ical data. We also give an example application involving interferometric
data. We conclude that i) radial basis functions are likely to become impor-
tant tools for modelling multivariate systems in metrology, ii) much of the
underlying technology of support vector machines — statistical information
theory, reproducing kernel Hilbert spaces, etc., — are of potential value to
metrology, particularly in situations in which the system under study is
imperfectly understood, for example, in biotechnology.
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1 Introduction

Mathematical modelling, in general, involves the assignment of mathemati-
cal terms for all the relevant components of a (measurement) system and the
derivation of equations giving the relationships between these mathematical
terms. In these equations, we can distinguish between terms that relate to
quantities that are known or measured and those that are unknown or to
be determined from measurement data. We will in general call the former

terms model variables and use x = (x1, ... ,wp)T, y, etc., to denote them
and the latter model parameters and denote them by a = (ay, ... ,an)T, b,
etc.

A physical model is one in which there is a theory that defines how the
variables and parameters depend on each other.

An empirical model is one in which a relationship between the variables is
expected or observed but with no supporting theory. Many models have
both empirical and physical components.

1.1 Empirical models in metrology

In this section, we give a few examples of the use of empirical models in
metrology.

1.1.1 Response surfaces

A common use of univariate empirical models in metrology is the determina-
tion of calibration response curves associated with a measurement system.
Typically the measurement system will produce a response y corresponding
to a stimulus variable x and we wish to model y as function of z, for example
length as a function of temperature. Clearly many systems depend on more
than one variable and we want to be able to model the response of such
systems as a function of all the relevant variables.

1.1.2 Properties of materials

Most measurement systems have some dependence on the properties of
the material from which they are constructed or with which they interact.
For example, the use of interferometric transducers for length measurement
requires knowledge of the refractive index of the supporting medium. The
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refractive index of air, for instance, depends on temperature, pressure, hu-
midity and percentage of carbon dioxide.

1.1.3 Fields

Many quantities in metrology are represented as scalar fields (temperature,
pressure) or vector fields (electric, magnetic, velocity) as functions of two or
three spatial coordinates.

1.2 Report overview

In this report, we consider classes of the empirical functions available to
the metrologist to model multivariate data and discuss the algorithmic
requirements for using these models in data approximation. In section 2| we
review common examples of empirical functions of one variable and in section
we describe their generic features that are relevant to models in higher
dimensions. In sections we review approaches to modelling multivariate
data including approaches specific to data on a regular grid (tensor product
polynomial and splines, for example) and more general approaches (e.g.,
radial basis functions). For each main type of model we highlight their
advantages and disadvantages with respect to their applications in modelling
metrological data. We give an example application involving interferometric
data in section [9] Our summary and concluding remarks are presented in
section

Page 2 of 55 http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf
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2 Empirical functions of one variable

In this section, we give an overview of some of the main classes of empirical
functions of one variable. This is done firstly to review some of the generic
features of empirical models and secondly as input into the development of
multivariate empirical models.

2.1 Polynomial curves

Polynomials provide a class of linear models that are used extensively as
empirical models for experimental data. A polynomial of degree n can be
written as

n n
$(x) =ao + amrz + agr® + ..+ ana" =Y a;a) =) a;6,(x),
j=0 J=0

where ¢;(z) = 27 are the monomial basis functions. A polynomial of
degree 1 is a straight line, degree 2 a quadratic curve, etc. The immediate
appeal of polynomials is that computation with polynomials requires only
the arithmetic operations of addition and multiplication.

While the description of polynomials in terms of the monomial basis func-
tions makes clear the nature of polynomial functions, the use of the mono-
mial basis in numerical computation leads to severe numerical difficulties.
A first difficulty is that for values of the variable x significantly greater than
one in absolute value, the terms z7 will become very large as j increases.
This problem is solved by working with a normalised variable Z. If x varies
within the range [Zmin, Tmax] = {% : Tmin < © < Tmax}, then

5= (.’IJ - xmin) - (xmax - $)7 (1)

Tmax — Lmin

and all its powers lie in the range [—1, 1]. For small degree polynomials (n <
4, say), this normalisation is sufficient to avoid most numerical difficulties.

The second difficulty arises from the fact that, especially for large j, the
basis function ¢; looks very similar to ¢;;2 in the range [—1,1]. Figure
presents the graphs of ¢o;(z) = 2%, j = 1,2, 3,4. We can regard polynomial
functions defined on [—1,1] as members of a vector space of functions. In
this vector space, the inner product of two polynomials p(x) and ¢(z) can
be defined in terms of an integral of the form

.ah= | @@yl

-1
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Figure 1: Graphs of 2% j = 1,2, 3,4 on the interval [-1,1].

where w(zr) is a weighting function. Setting ||p|l. = (p,p)2,, the angle 6,
between p and ¢ is defined from

P, @)w
pllwllgllw
With this definition of angle, it is straightforward to show that the monomial
basis functions ¢; and ¢; 2 point in roughly the same direction (in the sense
that the angle between them is small), leading to ill-conditioning. This
ill-conditioning worsens rapidly as the degree increases.

coslpq =

The problem of poor choice of basis functions can be illustrated for 3-
dimensional Euclidean space. Suppose we take as basis vectors for three
dimensional space R3 the vectors e; = (1,0,0)", es = (1,0.001,0)" and
ez = (1,0,0.001)T. We note that all three vectors point approximately in
the direction of the positive z-axis. Any point y in R3 can be written as a
linear combination

y = aje; + ages + ases.

For example,

(0.0,1.0,1.0)7 = —2000e; + 1000e; + 1000e3,
(0.0,1.1,1.1)7 = —2200e; + 1100e; + 1100e3,

showing that a change of the order of 0.1 in the point y requires a change of
order 100 in the coefficients a. This type of ill-conditioning means that up
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to three significant figures of accuracy could be lost when using these basis
vectors in numerical computation.

Alternative representations of polynomials can be derived by finding poly-
nomial basis functions with better properties. The space P, is an n +
1-dimensional Euclidean space defined by the basis functions {¢; € Py}
with an inner product. We can take this basis and produce from it a new
set {Tj(z)} of basis functions which span the same space but are orthogonal
with respect to the inner product:

1
/ Tj(x)Ty(z)w(x)dr =1, if j =k, 0 otherwise.
-1

(In the example of R3, this process would produce the orthogonal vectors
(1,0,0)T, (0,1,0)™ and (0,0,1)* from the basis vectors ex, k = 1,2,3.) T;(z)
is a polynomial of degree j and, moreover, there is a three-term recurrence
relationship of the form

Tj(z) = (Ajrz + Bj1)Tja(x) — € Tjo(2),

which can be used to evaluate the basis functions stably and efficiently [31].

The Chebyshev polynomials (of the first kind) Tj(z) are one such set of
basis functions and have the property that they are orthogonal to each
other on the interval [—1, 1] with respect to the weighting function w(z) =
1/(1 4 2%)1/2. They are defined by

To(z) =1, TNi(z)=x, Tj(x)=22Tj1(z)-Tj2(z), j=2

Figure 2| presents the graphs of Tj(x), j = 2,...,5. Conventionally, T is
replaced by T/2 in the basis.

Using orthogonal polynomials in conjunction with the variable transforma-
tion formula it is possible to use high degree polynomial models over any
interval in a numerically stable way [25], [47].

Other classical orthogonal polynomials defined on [—1, 1] include the Legen-
gre polynomials, w(z) = 1, the Chebyshev polynomials of the second kind,
w(x) = (1 —22)'/2, and the Jacobi polynomials, w(z) = (1 — z)*(1 — z)?,
a,3 > —1. The Laguerre polynomials are defined over the interval [0, co)
and are orthogonal with respect to w(z) = e~*. The Hermite polynomials
are deﬁned2over the interval (—oo,00) and are orthogonal with respect to
w(z) =e""".

There are other numerical approaches to representing polynomials for poly-

nomial regression. Given data {(z;,v;)}} and weights w = (w1, ..., wn)7T,

http://www.npl.co.uk/ssfm/download/documents/cmsc32_-03.pdf Page 5 of 55
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Figure 2: Chebyshev polynomials Tj(x), j = 2,...,5.

the Forsythe method [25] implicitly determines a set of basis functions ¢;(z)
that are orthogonal with respect to the inner product defined by

b =S wif (w)g(w:).

=1

The orthogonality of the basis functions can be exploited fully in determining
the least squares best-fit polynomial to the data. The set of orthogonal poly-
nomials is constructed specifically for the data {z;} and {w;}. By contrast,

the Chebyshev polynomials are more versatile since they are defined in the
same way for all data sets.

As mentioned earlier, polynomials used over ranges different from [-1, 1]
are defined in terms of a transformed variable £ which depends on the

range constants i, and Tpax. In order to emphasize this dependency
we sometimes write ¢(z, a|Tmin, Tmax)-

Let P,, be the collection of polynomial curves of degree n. Then Py C P; C
... form a nested sequence of model spaces: if ¢ € P,,, then ¢ € P,41.

Page 6 of 55 http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf
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2.2 Polynomial spline curves

Like polynomials, polynomial spline curves - splines for short - are a class of
linear models widely used for modelling discrete data. A spline s(z) of order
n defined over an interval [Zmin, Tmax| s composed of sections of polynomial
curves py(z) of degree n — 1 joined together at fixed points {\;}{ in the
interval. Practically all calculations using spline functions are performed
using a B-spline representation of the form

n+N
s(z,alA) = Z a;j Ny j(x|X),
j=1

where n is the order of the spline, A = (A1, ..., Ax)7 is the interior knot set
satisfying

Tmin = A0 <A1 S A2 <. < AN < AN4T = Tmax,
and N, j(x, X) are the B-spline basis functions of order n (i.e., degree n—1).

The basis functions N, ;j(z|\) are specified by the interior knot set A =
{\x}Y, range limits

Lmin = /\07 and ZTmax = )\N—Q—la

and the additional exterior knots, A;, j = 1 —mn,...,=1 and j = N +
2,...,N 4+ n. These exterior knots are usually assigned to be

A\ = Lmin» ] < 05
J Tmax, J > N+ 1.

With this choice, the basis functions are defined by the knots A. We use
q = n + N to denote the number of basis functions.

A common choice of order is n = 4, splines constructed from cubic polyno-
mials — cubic splines. Figure [3] graphs a B-spline basis function for a cubic
spline defined on the interval [0, 10] with knot set A = (2,4, 6,8)". Figure
graphs all eight = (n 4+ V) basis functions for this knot set.

If the interior knots are distinct, a spline of order n has continuous deriva-
tives of order n — 2. So for example, a cubic spline (order 4) with distinct
knots has continuous first and second derivatives.

A major feature of spline approximation algorithms is the exploitation of
the banded structure of the observation matrices that arise. For a spline of
order n, the only non-zero elements in each row occur in n adjacent columns
and this sparsity structure can be fully exploited in the QR factorisation
stage of the solution of the linear least squares system (section [3.2).

http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf Page 7 of 55
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Figure 3: B-spline basis function Ng4(x,A) defined on the interval [0, 10]
with knot set A = (2,4,6,8)T.
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Figure 4: B-spline basis functions Ny ;(z, A) defined on the interval [0, 10]
with knot set A = (2,4,6,8)T.
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Let Sn| 2\ be the space of polynomial spline curves series of order n and knot
set A. Then

n

2.3 Fourier series

A Fourier series of degree n is generally written as
a n n
¢(xz,a) = 50 + Zaj cosjx + ij sin jx,
j=1 J=1

where a = (ag,a1,...,an,b1,...,b,)T. We note the ¢(x + 27,a) = ¢(x,a).
To model functions with period 2L, we modify the above to

n n
¢(z,alL) = ag/2 + Z ajcosjmr/L + Z b;sin jmx/L.
j=1 j=1

Since

™ ™
/cosj:ccosk::nd:nz/ sinjrsinkzdr =0, j#k,

—T

™ ™ ™
/coijsinkmdx:/ coijda::/ sin jrdx = 0,

—T —T —T

—T

and

the basis functions 1, cosjx and sin jx are orthogonal with respect to the
unit weighting function over any interval of length 2.

Let F,,|, be the space of Fourier series with period 2L. Then

fn|LCfp|L7 p>n, Fn|LC‘7:n,L/K7 K=23,....

2.4 Sums of exponentials with fixed time constants

A sum of exponentials with fixed time constants A = (Ag,...,A\,)7T, Aj >
Aj+1 is of the form

n
o(x,alA) = Zaje’\jx.
i=1
Let Sn‘ ) be the space of sums of exponentials with time constants A. Then

S‘ACEPW, p>n and A C p.

n

http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf Page 9 of 55
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2.5 Ordinary differential equations and orthogonal functions

Many sets of orthogonal functions of one variable arise as the solutions of
ordinary differential equations (ODEs). We know from linear algebra that
a symmetric n X n matrix A can be factored as

A=VAVT,

its eigen-decomposition, where A is a diagonal matrix with A;; = A\; and V' is
an n xn orthogonal matrix with VTV = VVT = I, the n x n identity matrix.
The A; are known as eigenvalues and the columns of V' the eigenvectors v;
and are such that Av; = A\;v; j = 1,...,n. Regarding differentiation as
a linear mapping (or operator) on vector spaces of functions it is possible
to generalise the concepts of eigenvectors and values, and show that for
some classes of differential equations, their solutions generate a sequence of
eigenfunctions orthogonal with respect to some function inner product.

2.5.1 Example: Sturm-Liouville problems

A Sturm-Liouville problem is a second order ordinary differential equation
of the form

[u(z)¢(2)] + [v(@) + Mw(z)]é(z) = 0,

with boundary conditions

a(a) + azd’(a) = 0, of +aj >0,

Bro(b) + Bo¢'(b) = 0, B7+065>0.
Under mild restrictions on the functions w, v and assuming w(z) > 0,
x € la, b], then it can be shown there is an infinite number of values of
Aj (eigenvalues), all real, which give rise to nonzero solutions ¢; (eigen-

functions) and that the eigenfunctions are orthogonal with respect to the
weighting function w on the interval [a, b], i.e.,

b
/ ¢j(x)py(z)w(z)dx =0, j#I.

Page 10 of 55 http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf
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3 Basic features of empirical models

The main concern of this report is empirical models of two or more variables.
In particular, we are concerned with surfaces of the form
z = ¢($7 y7 a)’

with z defined as a function of variables z and y or, more generally, hyper-
surfaces of the form
Z:¢(X7a)> XeRp_la

which defines a surface in RP.
In this section, we discuss the basic features of empirical models as illus-

trated by the empirical models of one variable (section [2)) and the desirable
properties we would like empirical models of two or more variables to have.

3.1 Basis functions

Empirical models are usually defined as linear combinations of basis func-

tions
n

p(x,a) =Y a;¢;(x), x€ QCR!, acR”
j=1
where () is the domain of definition of the basis functions. Let F,, be the

collection of all such linear combinations. Then F, is a vector space: if
o, € F, and o, 8 € R, then

(ag + ) (x) = ag(x) + Bi(x)
is also in F,,. The mapping a — ¢(x,a) is a linear mapping from R” to F,.

As a space of functions, we can associate to JF;, an inner product of the form

(6. 0)aw = /Q S )p(x)w(x) dx,

where w(x) > 0 is a weighting function defined over 2, and corresponding
norm

6]l = (6, St

A set of n functions ¢;, j = 1,...,n form an orthogonal set if (¢}, ¢) = 0,
J # k. If, in addition ||¢;|| = 1, they are said to form an orthonormal set.

Given an orthonormal set ¢; for F, and any ¢ € F,,, then

Y(x) = a;j65(x), a; = (1, ).
j=1

http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf Page 11 of 55
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The mapping a — »_ j a;¢;(x) is then an isomorphism between inner prod-
uct spaces R™ and F,:

<Z aj¢j(X)vaj¢j(X)>

Any set of n linearly independent functions in F,, can be orthonormalised
using the Gramm-Schmidt process [29] (not always in a numerically stable

way).

= aTb = Z ajbj.
Qw J

Given a set of data points X = {x; € Q,i =1,...,m} and weights w; > 0,

1=1,...,m, we can also form a discrete inner product
(6, )xw = D S (i) ws.
i=1

3.2 Least-squares approximation

Suppose we wish to approximate a set of data points X = {(x;,z) €
RP~1 xR}, i =1,...,m, by an empirical function of the form z = ¢(x,a) =
>_ja;$j(x). The observation matrix ® associated with X and ¢ is

Dy = ¢;(xi).

The least-squares best—ﬁlﬂ of the model ¢ are determined by the parameters
a that solve
min f(a) = ||z — @al. (2)
a

At the solution, it is known that the partial derivatives of f with respect to
the parameters are zero, i.e.,

of

— =0 ) =1,...,n,

aaj ) J )

and this leads to the system of linear equations of order n,
PTda = 3Tz,

known as the normal equations. If ® is full rankE| so that ®T® is invertible,
the solution parameters are given (mathematically) by

a=(dT®) 1oly.

'"We can also consider weighted least-squares problems; see, e.g., [I8]

2If ® is rank deficient, the singular value decomposition (SVD, [29]) can be used to
provide a least-squares solution. Alternatively, regularisation techniques can be used to
construct a full rank problem [48].
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If ® has orthogonal factorisation [18] [29]
_o| ™
then, using the fact that ||@x]|| = ||x]||, we have

)

o~ oall = Q"2 ~ @ aal = || & | - | 1 |a

where q is the first n and qa the last m — n elements of QTz. From this it
is seen that ||z — ®a||? is minimised if a solves the upper triangular system

Ria=q;.

The numerical accuracy of the solution to ([2|) will depend on i) the accuracy
to which the elements ®;; = ¢;(x;) are evaluated, and ii) the condition of
the matrix ®.

If the basis functions ¢; are orthonormal with respect to the discrete inner
product { , )x then ® is an orthogonal matrix with ®*® = I, so that the
solution is given by a = ®Tz. If the basis functions ¢; are orthonormal
with respect to the continuous inner product (, )q,, and the density of the
data points x; is approximately proportional to w, then ® is expected to be
approximately orthogonal and therefore well conditioned.

3.3 Subsidiary parameters

Often the basis functions depend on subsidiary parameters which we will
denote by A = (A1,...,As)T. We denote this dependence, if required, as
¢j(x) = ¢j(x|A). An example of a set of subsidiary parameters is the vector
of knots associated with a spline.

3.4 Partial ordering within families of empirical models

Given model spaces fnll A, and fm‘ A from the same family of models,
there are usually a set of straightforward conditions on ny and A, k=1, 2,
to ensure that

.7: 1|A1 C F 2|A2.

n n

With this property, we can generate a sequence of model spaces

n

fl‘A1Cfn2|A2Cfnq‘AqC

http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf Page 13 of 55
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of increasing dimension. This is an important property since empirical
models are used in situations where the degree of complexity of the system
is not known a priori so we want a range of model spaces to try out and
from this range select one which seems most appropriate. The selection of
model from a range of models is discussed in [9, [16].

If there exists an orthogonal series of basis functions ¢;, j = 1,2,..., then
defining F,, as the vector space of linear combinations of the first n basis
functions produces a corresponding sequence

f1Cf2Cf3...

This is the ideal situation. The orthogonality of basis functions means that
Fn+1 is capable of describing behaviour totally absent from JF,, in the sense

that (¢ny1,%) = 0 for all ¥ € F,.

Polynomials and Fourier series are examples where there is an obvious nested
sequence of model spaces of increasing dimension.

The relationship between spline model spaces is more complicated since the
splines depend on the choice of knots. An important issue in working with
splines is to determine a sensible strategy for knot placement, see, e.g., [19].

3.5 Requirements for empirical models

For empirical models in general, we would like:
e Basis functions that are straightforward to evaluate in a numerically
stable way.

o Well-conditioned observation matrices, ideally orthogonal with respect
to some inner product.

e Straightforward strategies to determine suitable values of any sub-
sidiary parameters.

e Nested sequences of model spaces allowing the user to balance flexi-
bility of behaviour with economy of representation.
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4 Tensor product surfaces

The simplest way to generate linear empirical models for surfaces is to
construct them from linear empirical models for curves. Suppose

o(x,a) = arp1(z) + ...+ ap, épn, (), and
Y(y,b) = bihi(y) + ...+ bny¥n, (v),

are two linear models for curves. Then the functions yie(z,y) = ¢ (x)e(y),
k=1,...,n4 £ =1,...,n, form the tensor product set of basis functions
for defining linear models for representing surfaces of the form

ng Ny

z=7(z,y,a) = Z Z ajxVee(T,y). (3)

k=1 (=1

In particular, tensor products of Chebyshev polynomials and B-spline basis
functions are used extensively: see below.

Tensor products are particularly useful representations for data (z;,y;, 2;)
in which the behaviour of the surface is similar across the domain. They
are less efficient in representing generally bland surfaces with local areas of
large variations. A second (and related) disadvantage is that the number of
basis functions is n, X n,, so that to capture variation in both z and y a
large number of basis functions can be required. On the positive side, if the
data points (z;,y;) lie on or near a rectangular grid, the computations can
be performed very efficiently [1]: see below.

Tensor product surfaces have been proposed [20] for modelling the kinematic
behaviour of coordinate measuring machines (CMMs). An empirical model
is used to describe the motion of the probe stylus assembly of the CMM (its
location and orientation) in terms of three functions specifying a positional
correction and three a rotational correction. Each correction is a function of
three independent variables, the scale readings returned by the CMM, and
is represented by a tensor product of polynomial spline curves.

Tensor product spline surfaces have also been used in the modelling of a
photodiode response [34], in which the independent variables are time and
active layer thickness. A spline surface approximation is used to smooth
measurements of the response, represent concisely the very large quantities
of measurements that are made, and to permit effective manipulation of the
underlying function including obtaining derivatives and evaluating convolu-
tions.
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4.1 Orthogonality of tensor products

If {¢r} and {4} are orthonormal with respect to inner products

b d
(P, Qu = / p(@)q(@)u(z) dz, (p,q) = / p(2)g(z)v(z) dx,

respectively, then {vi(z,vy) = ¢r(z)y(y)} are orthonormal with respect to
the inner product

b d
<p,q>w=/ /p(wyy)Q(w,y)w(x,y)dydx,
Y)

where w(z,y) = u(x)v(

4.2 Data approximation using tensor product surfaces

Given data points (z;,v;,2;), ¢ = 1,...,m, the least-squares best-fit tensor
product surface is found by solving

m
main Z(Zz _"Y(whyiva))Q?
=1

with v(z,y,a) defined by . In matrix terms, we solve

min ||z — Tal|?,
a

where z = (21,...,2m)T, T is an m x ngyn, matrix of elements Yo (s, i),
and a is an nzn, x 1 vector of elements az,. In this formulation, the order
of the elements ayy in a (and the order of the corresponding columns of T')
comes from a choice of ordering of the ngn, basis functions vyx(z,y).

In the case that the data points relate to measurements on a grid in the zy-
domain, an alternative linear algebraic formulation is possible that exploits
separability of the tensor product basis functions and leads to a problem that
can be solved significantly faster. Let the data points be (x;,y;, i), © =
L,...,mg, j=1,...,my, and let matrices ®, ¥, A and Z be defined by

(@), = (i), t=1,...,my k=1,... 0,
(e = ely;), d=1,....my, L=1,...,ny,

and
(Z)l] = Zij, i:l,...,mm, j:17__"my’

(A = ar, k=1,...,n,, £=1,...,n,.

Page 16 of 55 http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf



NPL Report CMSC 32/03

Then, the surface approximation problem is to solve
min||Z — DATT|?, (4)
the solution to which is given (formally) by
(272) A (V') =T 2. (5)
The solution to may obtained in two stages: by solving
(eTo)A=0"Z

for A, followed by solving

A(VTD) = AV
for A. These relate, respectively, to least-squares solutions of
min || Z - ®A||?, (6)
A
and 3
min | 4 - 40T (7)

Consequently, the surface approximation problem is solved by consid-
ering curve approximation problems @ and as follows. First, for each
Jj=1,...,my, find the least-squares best-fit curve

fi@) = o)
k=1

to the data (x;,2;;), i =1,...,mg. Second, for each i =1,...,ng, find the
least-squares best-fit curve

fity) = aie(y)
=1

to the data (y;,ai;), j = 1,...,my. The least-squares best-fit surface
is therefore obtained in O(mgmyn2 + mynxng) operations compared with
O(mxmyngng) that would apply if separability of the basis functions is
ignored.

4.3 Chebyshev polynomial surfaces

We recall from section a polynomial curve p,(x) of degree n on the
interval & € [Tmin, Tmax| has the representation

n

1 ) 3 ) A
pa(r) = 5a0To() + arTi(7) + .. + anTo(7) = Dl Ti(E),
k=0
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where & € [—1, +1] is related to = by
(‘T - xmin) - (SUmax - -T)
Tmax — Tmin

and T;(z), j = 0,...,n, are the Chebyshev polynomials (of the first kind)
[26, [3T] defined by the recursion

T =

To@) =1, Ti(d)=& T5(2) = 26Tj-1(2) — Tj-2(2), j > L.

A tensor product polynomial surface py,n, (x,y) of degree n, in x and n, in
y on the rectangular domain (z,¥) € [Zmin, Tmax] X [Ymin, Ymax| 1S therefore
represented by

Py () = 30 7S T T T(5), (5)
k=0 ¢=0

where & and g are each normalised to lie in the interval [—1,+1]. (We
apply, here, the standard convention that coefficients in the above rep-
resentation which have either k or ¢ zero are written as ags/2, and the
coefficient with both k and ¢ zero is written as ago/4.) We note that
Prany (T,Y) = Pngn, (%,y,a|A) depends on the subsidiary parameters A =

(xmin; Tmax, Ymin, ymax) .

The polynomial surface has total degree n, + n,, the highest combined
power of x and y of a basis function. Another way of representing a poly-
nomial surface is to require that the total degree of the tensor product basis
functions is specified as n. Such a polynomial surface has the representation

k+4<n

pn(xvy): Z akéTk(i‘)TZ(g)'

k=0,6=0

Figures [f] and [6] show a simulated data set comprising 51 x 51 points and
representing a “feature” arranged parallel to an edge of the rectangular
domain for the data. Figures [7] and [§] show a similar simulated data set
but with its “feature” arranged close to a diagonal of the domain. A tensor
product polynomial surface of degree n, = 10 in x and n, = 10 in y is used
to approximate each data set. The residual deviations between the data
and the surface approximations are shown in Figures[J] and respectively.
Each surface approximation is defined by 11 x 11 parameters.

4.3.1 Advantages

e Polynomial surfaces involve no subsidiary parameters that need to be
chosen. (Implementations in terms of Chebyshev polynomials require
Zmin, €tc., to be defined, but these are assigned easily.)
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e For data on regular grids, the solution algorithms are efficient and,
with the use of orthogonal basis functions, numerically stable.

e Given polynomial approximation software components for one dimen-
sion (evaluation of Chebyshev basis functions, etc.) the implementa-
tion of algorithms for approximation with tensor product polynomials
is straightforward, especially for data on regular grids.

e For data representing similar qualitative behaviour over the domain of
interest, it is usually possible to determine good approximations.

e The order of the polynomials can be used to generate nested sequences
of spaces from which to approximate the data.

4.3.2 Disadvantages

e For data representing different types of behaviour in different regions,
a tensor product representation can be inefficient.

e For scattered data there is no easily tested criteria to determine a pri-
ori whether or not approximation with a particular order of polynomial
will be well-posed.

4.4 Spline surfaces

Recalling section a tensor product spline surface s(x,y) of order n, in
x with knots A and order n, in y with knots p on the rectangular domain
(.T, y) € [xmina xmax] X [ymim ymax] is represented by

Nz +Ng T'Ly-‘rNy

s(z,y) =s@yApw) = D> D creNa k(@ N Noy o(ylp),  (9)
k=1 /=1

where the knot vectors A and p satisfy, respectively,
Tmin = A0 <A1 S A2 < S AN, -1 S AN, < AN 41 = Tmax
and
Ymin = Ho < p1 < p2 < .o < pN,—1 <IN, < UN,+1 = Ymax-
The spline surface @ is a piecewise polynomial of order n, in = and n,
in y on (Ai—1,\i) X (ptj—1,15), i =0,..., Ny, j=0,...,N,. The spline is

Cm=—k=1 along the knot-line x = \; if card(A\, = A\, £ € {1,...,N.}) = k
(and similarly for the knot-line y = p;). So, for example, a spline surface
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of order four in z and y for which the )\; and p; are distinct is a piecewise
bicubic polynomial of continuity class C2 along the lines z = \; and y = -

A tensor product spline surface of order n, = 4 in x and n, = 4 in y,
with knot-lines arranged as shown in Figure is used to approximate
the simulated data sets shown in Figures [5] and [7] The residual deviations
between the data and the surface approximations are shown in Figures
and [I3] respectively. The spline surface approximation to the data set
of Figure [5] is considerably better than that obtained using a polynomial
surface, and requires only 7 x 7 coeflicients for its representation. However,
The spline surface approximation to the data of Figure [7] is considerably
worse than that obtained using a polynomial surface. Although spline
surfaces (with straight knot-lines) are capable of representing a wide variety
of shapes, their efficiency in doing so (measured by the number of basis
functions required) depends to a large extent on a “uniformity” of the shape
with = and y.

Greater flexibility of tensor product spline surfaces is achieved by allowing
the knot-lines to be curved. Knot-lines are defined to follow the “features” of
the surface represented by the data and, in this way, efficient spline surface
approximations are possible. Define knot-lines x = A\;(y), i = 1,..., N,
and y = pj(z), j=1,..., Ny, to satisfy for all y

Tmin < )\1(@/) < )\2(11) <...< )\Nz—l(y) < )\Nz(y) < Tmax,

and for all x

Ymin < p1(2) < pp(z) < ..o < pny—1(2) < pny, (2) < Ymax-

Then, a tensor product spline surface with the above knot-lines is repre-
sented by

s(@y) = Y D> creNag k(@AY) Noy o (y ().

k=1 (=1

A tensor product polynomial spline surface of order n, =4 in  and n, = 4
in y, with knot-lines arranged as shown in Figure is used to approximate
the simulated data set shown in Figure [7]] The residual deviations between
the data and the surface approximation are shown in Figure The spline
surface approximation is now as good as that to the data of Figure [5| using
straight knot-lines (Figure [12)).

4.4.1 Advantages

e For data on regular grids, the solution algorithms are extremely ef-
ficient and numerically stable. For scattered data, it is still possible
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Figure 5: Surface plot of simulated data with feature parallel to the edge of the
rectangular domain.

Figure 6: Contour plot for simulated data shown in Figure
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Figure 8: Contour plot for simulated data shown in Figure [7]

http://www.npl.co.uk/ssfm/download /documents/cmsc32_03.pdf

Page 22 of 55



NPL Report CMSC 32/03

0.6

Figure 9: Residual deviations associated with the tensor product polynomial
surface approximation to the data shown in Figure [5| of degrees n, = 10 in z
and n, =10 in y.

0.6

Figure 10: Residual deviations associated with the tensor product polynomial
surface approximation to the data shown in Figure[7] of degrees n, = 10 in = and
n, = 10 in y.
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10

Figure 11: Knot-lines used in the representation of a tensor product spline surface
approximation.

Figure 12: Residual deviations associated with the tensor product polynomial
spline surface approximation to the data shown in Figure [5] of orders n, = 4 in x
and n, = 4 in y with knot-lines as illustrated in Figure
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Figure 13: Residual deviations associated with the tensor product polynomial
spline surface approximation to the data shown in Figure[7] of orders n, = 4 in
and n, = 4 in y with knot-lines as illustrated in Figure

| e

Figure 14: Knot-lines used in the representation of a tensor product spline surface
approximation.
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Figure 15: Residual deviations associated with the tensor product polynomial
spline surface approximation to the data shown in Figure [7] of orders n, =4 in z
and n, =4 in y with knot-lines as illustrated in Figure

to exploit sparsity structure in the observation matrix but the gain in
efficiency is much less than that for the case of one-dimension.

e Given spline approximation software components for one dimension
(evaluation of B-spline basis functions, etc.) the implementation of al-
gorithms for approximation with tensor product polynomials is straight-
forward for data on regular grids.

e For data representing similar qualitative behaviour over the domain of
interest, it is usually possible to determine good approximations.

e The knot vectors can be chosen to generate nested sequence of spaces
from which to approximate the data.

e For data on a rectangular grid, it is easy to check a priori whether
a particular choice of knots will lead to a well-posed approximation
problem.

4.4.2 Disadvantages
e Splines require the subsidiary knot vectors to be chosen. If the data
or surface exhibits different behaviour in different regions, the choice

of knots can affect significantly the quality of the spline representation
[19].
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e For data representing different types of behaviour in different regions,
a tensor product representation can be inefficient.

e For scattered data, there is no easily tested criteria to determine a
priori whether or not approximation with splines defined by a pair of
knot sets will be well posed.

4.5 Heterogeneous tensor products

The examples of polynomial and spline surfaces discussed above have tensor
product basis functions v = ¢r(z)Y(y) where both ¢, and vy are the
same type of function. However, in many applications it is desirable to have
different forms. For example, in cylindrical coordinates, we can have basis
functions of the form

Y10, 2) = ¢r(z) coslh or ¢p(z)sinlb,

where {¢y} are orthogonal polynomials, to represent periodic behaviour
about the the cylinder axis and general behaviour parallel to the axis. For
such models, if the data is located according to the appropriate regularity
structure (i.e., grid-like), the separability property applies and the data
approximation can be implemented very efficiently.
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5 Wavelets

Wavelets are now an important tool in data analysis and a survey of their
application to metrology is given in [39]. Example applications include
surface metrology.

5.1 Wavelets in one dimension

In one dimension, wavelets are often associated with a multiresolution anal-
ysis (MRA). In outline, let L?*(R) be the space of square integrable functions
f:R — R so that

/O; f(z) dz < oco.

If f,g € L*(R) we define
(f.9) = / f(@)g(x) d,

and || f||*> = (f,f). This inner-product is used to define orthogonality for
functions in L?(R).

A starting point for MRA is a function v (z), the mother wavelet. From
we define a double sequence of functions

1 .
”¢j,k = Wib(z To — k)u

using translations and dilations. The mother wavelet is chosen to that
{jx} forms an orthonormal basis for L?(R), so that any f € L*(R) can
be expressed as

Fa)y= > > (frbjmtin().
j=—00 k=—00

The functions {9 1}, k € Z, form an orthonormal basis for a subspace W; of
L?(R) and these subspaces are used to define a nested sequence of subspaces

...D‘/jleV}DijJﬂD...

where

Viu=V;&Wj,

i.e., any function f;_; € Vj_1 can be uniquely expressed as f;_1 = f; + gj,
with f; € V; and g; € W;. We regard f; as a smoother approximation to
fj—1 (since f(z) € V;_; if and only if f(2x) € V;) while g; represents the
difference in detail between f;_1 and f;.
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The orthogonality properties mean that computations using wavelets can be
made very efficiently. In particular, the discrete wavelet transform is used
to decompose a uniformly spaced finite set of discrete data points (j, f;) into
component functions at different frequencies (or scales). A major feature of
a wavelet analysis is that (unlike Fourier analysis) it can describe different
frequency behaviour at different locations.

5.2 Higher dimension wavelets

Wavelets can also be used to analyse signals in higher dimensions. From the
orthonormal wavelet basis for L?(R),

{(¢j7k(x)’j’ ke Z}

an orthonormal basis for L?(R?) is obtained by taking the tensor products
of two one-dimensional bases functions

77ZJJ’1J~1317J’2,/<32 (l‘, y) = ¢j17k1 ($)¢j2,k2 (y)

and these functions can be used for MRA in two dimensions.

5.2.1 Advantages

e Wavelets are able to represent different types of behaviour in different
regions.

e For data lying on a regular grid, algorithm implementations are effi-
cient and numerically stable.

e Wavelets provide a nested sequence of spaces from which to approxi-
mate the data.

e Wavelets are important tools in filtering and data compression.

e Wavelets do not require the specification of subsidiary parameters (but
a choice of mother wavelet is required).

e Many wavelet software packages are available.

5.2.2 Disadvantages

e Most wavelet implementations are concerned with data on a regular
grid.

e The relationship between the choice of wavelet and the effectiveness
of resulting analysis is not obvious.
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6 Scattered data approximation

Tensor product surfaces are especially effective for approximating data where
the zy-coordinates (x;,y;) are situated on a regular grid. If the locations of
(x4,y:) are scattered, the tensor product approach is much less efficient. In
this section we look at methods that apply to scattered data.

6.1 Polynomial surfaces

In the case of one dimension, given a set of data X = {(x;,v;)}/~,, the
Forsythe method generates, implicitly, a set of orthogonal polynomials ¢;(x)
such that

m
(G, 06) = Y _ b dr(z:) =0, j#k.

i=1
Furthermore if there are at least n distinct x;, then approximating the data
with an order n (degree n — 1) polynomial is a well-posed problem — the
associated observation matrix has full rank. In two (or higher) dimensions
conditions to guarantee a well conditioned approximation problem are much
more complex. For example, if the data points (z;,y;, 2;) are such that
(z4,v;) lie on a circle then the basis vectors corresponding to the basis
functions 22, y?, x, y and 1 will be linearly dependent. More generally,
if (x;,y;) lie on (or near to) an algebraic curve (i.e., one defined as the
zeros of a polynomial), then the associated observation matrix will be rank
deficient (or poorly conditioned).

In a report by Huhtanen and Larsen [37], an algorithm is presented for gen-
erating bivariate polynomials that are orthogonal with respect to a discrete
inner product. It is straightforward to implement and includes provision
for the possibility of linear independency amongst the basis vectors. The
algorithm also provides a recursive scheme to evaluate the polynomial where
the length of the recursion is at most 2k + 1 where k is the degree of the
polynomial. We illustrate the use of this algorithm in fitting data generated
on the surface

z=at—yt+ay® — 23y + 2. (10)

We have generated 101 data points (z},y}) uniformly distributed around
the circle 22 +y? = 1 and calculated z} according to so that (z7,y’, 27)
lie exactly on the surface; see Figure We have then added random
perturbations to generate data points (z;, y;, 2;):

vi=x+e, yi=yi+fi, z=2z+3, efig€N(00?).

There are 15 basis functions associated with a bivariate polynomial of total
degree 4. For the data points {(z},y})} and degree k = 4 the algorithm
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Figure 16: Curve defined by the quartic surface intersected with the cylinder
22+ =1.

generates 10 orthogonal vectors out of a possible 15, the remaining five being
linear combinations of the other basis vectors. The maximum computed
element |(Q*)TQ* — I| was 1.5543 x 10~ !5, For the data points, {(z;,y;)},
the random perturbations are enough to ensure that the basis functions are
linearly independent and the algorithm produces all 15 orthogonal vectors.
The maximum computed element of |QTQ — I| was 5.0774 x 10714,

This algorithm is certainly of interest for those who wish to approximate
multivariate data with polynomials and it is likely there will be further de-
velopments. Multivariate orthogonal polynomials is an area of considerable
research activity (see, e.g., [22]) and the Society for Industrial and Applied
Mathematics has a special interest group devoted to it.

6.1.1 Advantages

e The Huhtanen and Larsen (HL) algorithm provides a method of ap-
proximating scattered data by polynomials.

e The algorithm is efficient compared to a full matrix approach and has
favourable numerical properties.

e The algorithm copes with possible rank deficiency in the basis func-
tions.

e The HL algorithm is reasonably straightforward to implement.

e The same approach can be applied in higher dimensions.
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e The total order of the polynomial can be chosen to generate a nested
sequence of spaces from which to chose an approximant.

6.1.2 Disadvantages

e Standard numerical tools for its implementation are not yet widely
available.

6.2 RBFs: radial basis functions

In section [6.1] we indicated that some recently developed algorithms concern
the approximation of scattered data using polynomials. Recent years have
seen much interest in a different approach to scattered data approximation.

Let A = {A;}, j =1,...,n, be a set of points in R?, and p: R — [0,00) a
fixed function. A radial basis function (RBF) with centres A has the form

d(x,a) = d(x,alA) = Y ap(llx = A,
j=1

1/2

where ||x|| = (xTx)/? is the Euclidean norm of a vector. Defining

¢;(x) = p(llx = A4,

then ¢ is seen to be a linear combination of basis functions. Therefore,
approximation with RBFs follows the same general approach as with other
empirical models defined in terms of basis functions. Given a set of data
points X = {(x;,y;) € RP x R}, ¢ = 1,...,m, the associated observation
matrix has

Bij = p([lxi — Ajl))-

In least squares approximation, estimates of the parameters a are found by
solving
min ||y — Ba*.
a

Common choices for the function p are i) p(r) = r3, cubic, i) p(r) = e,
Gaussian, iil) p(r) = r2logr, thin plate spline, iv) p(r) = (r2 + A?)1/2,
multiquadric, and v) p(r) = (r? +)\2)_1/2, inverse multiquadric. In practice,
a scaling parameter pyg is required so that the RBF has the form

é(x,alpo, A) = > ap(polx — Aj)).

j=1
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The basic idea of an RBF can be generalised in many ways including the
introduction of scaling parameters associated with each centre,

d(x,alp, A) = a;p(pyllx — Ay,
j=1

or even symmetric positive definite matrices M;:
d(x,al{M;},A) = a;p((x — X)TM;(x — A))).
j=1

However, with the introduction of more flexibility comes the problem of how
to use this flexibility effectively.

6.2.1 Advantages

e RBFs apply to scattered data.

o RBFs apply to multivariate data in any dimension. The computational
cost is O(mn(n + p), where m is the number of data points, n is the
number of centres and p is the dimension.

e RBFs can be used to represent different types of behaviour in different
regions.

e It is generally possible to chose centres so that the data approximation
problem is well-posed, i.e., there is no rank deficiency.

e RBF algorithms are easy to implement involving only elementary op-
erations and standard numerical linear algebra.

e By choosing the set of centres A appropriately, it is possible to generate
a nested sequence of spaces from which to choose an approximant.

6.2.2 Disadvantages

e RBF basis functions have no natural orthogonality and can often be
poorly conditioned.

e RBFs give rise to full observation matrices with no obvious way of
increasing computational efficiency.

e RBFs require the choice of subsidiary parameters, i.e., the centres and
scaling parameter(s).

This disadvantages are discussed further in section
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7 NURBS: nonuniform rational B-splines

7.1 NURBS curves

Nonuniform rational B-splines (NURBS) are used for computer graphics and
extensively in computer-aid design for defining complex curves and surfaces
and are therefore important in co-ordinate metrology. A nonuniform rational
B-splines curve of order k is defined as a parametric curve C : R — R?

with .
Clu) = > =0 Nij (Ul A )w;P;

where P; € R? are the control points, w; weights and Ny ;(u|A) B-spline
basis functions defined on a knot set A.

7.2 NURBS surfaces

NURBS surfaces § : R2 — R? are generated using tensor products of
B-spline basis functions:

Z;'L:o a0 Vi, ([ N) Ny g (v]p)w;gP jq

S(u,v) = - - ,
) = S S NN Ny (vl2)uwe

where Ny ;(u|A) and N, ,(v|p) are the B-spline basis functions, P;; € R? are
control points, and w;, weights.

7.2.1 Advantages

e NURBS can be used to model and modify highly complex curves and
surfaces.

e The shape of the curve or surface is easily determined and modified
by the location of the control points. NURBS provide local control,
so that shifting one control point only affects the surface shape near
that control point.

e NURBS are invariant under scaling, translation, shear, and rotation,

e NURBS can be used to define quadric surfaces, such as spheres and
ellipsoids, commonly used in CAD exactly. Parametric B-spline sur-
faces can only approximate such surfaces and in doing so require many
more control points.
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7.2.2 Disadvantages

e Although NURBS are in principle straightforward to implement, effi-
cient and numerically stable approaches require appropriate use of the
recurrence formulae associated with B-splines.

e Data approximation with NURBS (fitting a cloud of points with a
NURBS curve or surface) is likely to give rise to rank deficient or
poorly conditioned problems. However there are a number of ways of
approaching approximation with parametric curves and surfaces, some
of which give rise to well conditioned problems (see, e.g., [8, 24]).
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8 Neural networks and support vector machines

Neural networks (NNs), see, e.g., [5, 6] B5], represent a broad class of
empirical multivariate models.

8.1 Multilayer perceptron

In a multilayer perceptron (MLP) [35],40], a vector of inputs x is transformed
to a vector of outputs z through a sequence of matrix-vector operations
combined with the application of nonlinear activation functions. Often a
network has three layers of nodes — input, hidden and output — and two
transformations R™ — Rl — R, x — y — z with

Y = w(a;rx +0bj), zp= d(cly + dy),
or, in matrix terms,
y:¢(AX+b), Z:¢(Cy+d) :M(X,A,b,c,d),

where A is an [ X m matrix, C' an n x [ matrix, and b and d are -
and n-vectors, respectively. The activation function is often chosen to be
the logistic sigmoid function 1/(1 4+ e™*) or a hyperbolic tangent function
tanh(z). These functions have unit gradient at zero and approach 1 as
x — oo and 0 or -1 as  — —oo. For classification problems, the network
is designed to work as follows. The value of y; indicates whether a feature
specified by a; is present (y; ~ 1) or absent (y; ~ 0 or -1) in the input
x. The output z completes the classification of the input according to the
features identified in the hidden layer y: the input is assigned to the ¢th
class if z; = 1 and 2z, = 0 or -1, 7 # ¢. For empirical modelling, the second
activation function is usually chosen to be the identity function ¢(z) = =z,
so that all values of output are possible, and

z=M(x,A,b,C,d) =Cy¥p(Ax+b)+d (11)
a flexible multivariate function M : R™ — R"™,

Given training data comprising sets of inputs and required outputs {(xg, z4)},
an iterative optimisation process — the back-propagation algorithm — can
be used to adjust the weighting matrices A and C' and bias vectors b
and d so that M(x4, A,b,C,d) ~ z,. Alternatively, standard large-scale
optimisation techniques [17) 28], 30} 54] such as conjugate gradient methods
can be employed. However, the optimisation problems are likely to be
poorly conditioned or rank deficient and the optimisation algorithms need
to cope with this possibility. Many algorithms therefore employ large-scale
techniques combined with regularisation techniques [32], 33}, 48].
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MLP models are extremely flexible. Many of the problems associated with
implementing them for a particular application are in deciding how to reduce
the flexibility in order to produce a compact model while at the same time
retaining enough flexibility in order to represent adequately the system being
modelled.

If M .1, is the space of all MLP models with m, [ and n nodes, then M,,;,, C
Mopgn, 1 < q.

8.2 RBF networks

Radial basis function (RBF) networks [7, 43, [44] have a similar design to
multilayer perceptrons (MLPs) but the activation function is a radial basis
function. Typically, we have

yi = pi(lx=Ajl), z=Cy+d,

where p; is a Gaussian function p;j(z) = exp{—2?/ (2%2-)}, for example. More
generally, we can have

s - oL Aie ).

where M; is a symmetric, semi-positive definite matrix.

8.2.1 Advantages

e NNs can be used to approximate any continuous function f : R™ —
R™ [27, 36].

e NNs can be used to perform nonlinear classification, in which data
points belonging to different classes are separated by nonlinear hyper-
surfaces.

e NN models are straightforward to evaluate and back-propagation al-
gorithms, for example, are easy to implement.

e The dimension of the hidden layer(s) can be used to generate a nested
sequence of spaces from which to choose a model.

8.2.2 Disadvantages

e The determination of optimal weights and biases is a nonlinear opti-
misation problem.
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e The back-propagation algorithm can converge slowly to one of possibly
many local minima.

e The behaviour of the model on training data can be a poor guide to
its behaviour on similar data.

e The evaluation of the uncertainty associated with the fitted parameters
is difficult.

e The effectiveness of the network can depend critically on its design
(number and size of hidden layers).

8.3 Support vector machines

Support vector machines (SVMs) are another tool used in classification
problems [45], 46, [49]. Consider first the problem of finding a simple rule
which classifies a set of data points {x; € R” : i = 1,...,m} into two classes
specified by associated indices y; = +1. The simplest approach is to try to
find a hyperplane

wix+b=0,

specified by coefficients w € R” and constant b which separates the two sets
of points so that w and b satisfy

sign(Wix; +b) =vy;, i=1,...,m,

or, equivalently,
(whx; +b)y; >1, i=1,...,m.

If such a hyperplane exists we say the classes are linearly separable. However,
in many practical applications the separating hyperplane does not exist and,
therefore, we introduce slack variables

52207 'L:lv:ma (12)
to give modified conditions
(Wixi+b)y >1-&, i=12,...,m. (13)

The role of the slack variables is to allow a model to incorrectly classify data
points that lie close to the hyperplane.

With ~ pre-specified, the SVM approach to determining w and b seeks to
minimise

m
/yzgl + WTW7
i=1
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subject to the constraints and . Introducing Lagrange multipliers,
this constrained optimisation problem can be reformulated as maximising

m 1 m m
Zo‘i — 52 Z Yiyj QX X;

i=1 i=1 j=1
subject to
m
0<a; <v, i=1,...,m, and Zaiyi:().
i=1
This problem involves maximising a quadratic function subject to linear
inequality constraints. From its solution the coefficients w are found from

m
W = Zyiaixi-
i=1
The Karush-Kuhn-Tucker complimentary conditions require
a; [yi(xfw+b) —1] =0, i=1,2,...,m,

where 0 < «; < . Choosing ¢ such that «; € (0,7), i.e, a; # 0 and «o; # 7,
provides an equation for b. For this w and b, we obtain the classifier

f(x) = sign <Zyiaix;rx + b) . (14)

i=1

A non-zero value for ¢; in signifies that the ith data point is a support
vector in the model. The parameter v is used to balance the success in
classification against the number of support vectors required to define the
separating surface.

The support vector machine classifier computes a linear decision surface
between classes. In order to allow for more general decision surfaces, we look
for mappings ® : R” — R™ such that the inner product (®(x), ®(y)) =
k(x,y) for some kernel function k(x,y). In other words, the inner-product
in m—space can be computed in terms of n-vectors through k. The idea in
using such a ® is to map {x;} nonlinearly into a higher dimensional space
in which there is a separating hyperplane without incurring any serious
computational penalty. An example mapping is

2
x 11
CI)ZX:|: 1:||—> \/§$1x2
T9 5
T
We note that
2
((x), 2(y)) = ziy; + 2z122y12 + 23y3 = (x'y) ",
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so that the corresponding kernel function is k(x,y) = (xTy)Q. Mercer’s The-
orem (see, e.g., [45]) gives reasonably straightforward criteria on functions
k such that k(x,y) = (®(x), ®(y)) for some transformation ®. Examples of
such kernel functions are:

e Polynomial kernel given by,

k(x,y) = (xTy)d, d > 0.
e Gaussian kernel given by,

k(x,y) = exp (=[x - [3) -
e Hyperbolic tangent kernel given by,

k(x,y) = tanh (a + ﬂXTy) , a,[B>0.

The use of kernels allows us to apply the same algorithmic approaches to
classification as for linear separation but with classification functions of the

form
Sigl’l (Z yiozik:(xi, X) + b) .
i=1

Support vector machines have developed from research in the pattern recog-
nition and machine learning community [49, 50, 5I]. The use of kernel
functions has a more general application [2, 52, 53] and provides SVMs with
effective algorithmic tools. SVMs have also an interesting foundation in
statistical inference in which functional relationships between variables is
elicited from observed regularity in observational data. Although pattern
recognition is somewhat removed from metrological data analysis, SVMs and
their underlying technology are of potential value to metrology, particularly
in situations in which the system under study is imperfectly understood, for
example, in biotechnology or soft metrology.
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9 Example: polynomial, spline and RBF fits to
interferometric data

We illustrate the use of polynomials, splines and RBFs in approximating
data arising from the interferometric measurement of an optical surface.
Figure[17]shows an example set of measurements of heights z; in nanometres
over a regular 146 x 146 grid.

We have fitted this data using the following models and algorithms:

A Gaussian RBF with centres on a regular 10 x 10 grid,
B thin plate spline RBF with the same centres as A,

C 105 orthogonal polynomials of up to total degree 13 generated using
the algorithm of Huhtanen and Larsen [37],

D tensor product polynomial with basis functions i = Tx(z)T;(y), 0 <
k,1 <9, where T}, is a Chebyshev basis functions of degree k, (i.e., 100
parameters in all),

E as D but with 0 < k,1 < 39 (i.e., 1600 parameters),

F a tensor product bicubic spline with 6 interior knots along each axis
(i.e., 100 parameters in all), and

G as F with with 36 interior knots on each axis (i.e., 1600 parameters).

Figure [18| plots the fitted surface determined using algorithm A to the data
in Figure while Figure [19| plots the associated residuals. Figures
graph the residuals associated with algorithms B — G. Figures and
shows the fitted surfaces associated with algorithms E and G.

9.1 Remarks
9.1.1 Quality of fit

All methods generally produce a good fit. Visually the fitted surfaces seem
to model the data very well. Only the fit associated with the orthogonal
polynomial generated using the HL algorithm shows unwanted edge effects
in the residuals (Figure 2I)). The RMS residual error for all fits ranges from
approximately 1 nm for algorithms E and G involving 1600 parameters to 3
nm for algorithm B.
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9.1.2 Computational efficiency

These experiments involve over 21,000 data points and approximately 100
to 1600 parameters and represent computational problems quite large by
comparison with many approximation problems in metrology. The tensor
product approaches for a regular grid data are approximately n times faster
than the full matrix approach associated with RBF approximation where n
is the number of parameters.

To give an idea of the computational requirements of the various algorithms,
using Matlab 6.5 and a Dell Optiplex GX240, Intel Pentium 4, 1.7 GHz PC,
the time taken for algorithm A was i) 8.5 s to determine the matrix D of
distances d;; = ||x; —A;||, ii) 0.9 s to apply p to D, iii) 4.1 s to solve the linear
least squares system, making a total of 13.5 s. By comparison algorithm D
took 0.02 s. For algorithm C, the time taken to generate the orthogonal basis
was 9.8 s. The time taken to calculate the matrix D is comparatively slow
since it involves two iterative loops. In Fortran, for example, this step would
be relatively much quicker. Similar remarks apply to the implementation of
the HL algorithm in Matlab.

9.1.3 Condition of the observation matrices

For the tensor polynomial and splines approaches, the condition numbers
of the matrices generated were all less than 10. For the Gaussian RBF
(algorithm A) the condition number was 4.2 x 10°, while that for the thin
plate spline (algorithm B) was 1.1 x 10*. For the HL algorithm (C), the
maximum absolute value of the off-diagonal elements of the computed matrix
QTQ was 4.0 x 10714,

The data set in Figure [17]lay on a regular grid and we were able to exploit
this in fitting tensor product polynomial and spline surfaces. The RBF
approach applies equally to scattered data. We have taken a random subset
of the data in Figure and fitted Gaussian and thin plate spline RBF's
to the data. Figure plots the zy—coordinates of the data along with
the RBF centres; Figure 29| plots the coordinate data. Figure |30| plots the
residual errors associated with the fits of a Gaussian and thin plate spline
RBF and bivariate polynomial of total degree 13 generated using the HL
algorithm.
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Figure 17: Measurements of an optical surface using interferometry. The units
associated with the vertical axis are nanometres.
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Figure 18: Gaussian RBF fitted to interferometric data (Figure [17]).
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40
150

Figure 19: Residuals associated with the fit of a Gaussian RBF (Figure [18) to
interferometric data (Figure .

Figure 20: Residuals associated with the fit of a thin plate spline RBF to
interferometric data (Figure .
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Figure 21: Residuals associated with the fit of a discrete orthogonal bivariate
polynomial of total degree 13 to interferometric data (Figure .

Figure 22: Residuals associated with the fit of an order 10 tensor product
Chebyshev bivariate polynomial to interferometric data (Figure .
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Figure 23: Residuals associated with the fit of an order 40 tensor product
Chebyshev bivariate polynomial to interferometric data (Figure .

Figure 24: Residuals associated with the fit of a tensor product bicubic spline with
6 interior knots along each axis to interferometric data (Figure .
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Figure 25: Residuals associated with the fit of a tensor product bicubic spline with
36 interior knots along each axis to interferometric data (Figure .
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Figure 26: An order 40 tensor product Chebyshev bivariate polynomial fitted to
interferometric data (Figure .
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Figure 27: A fit of a tensor product bicubic spline with 36 interior knots along
each axis to interferometric data (Figure [17).

Figure 28: zy—coordinates of a subset of the interferometric data (Figure [I7).
The RBF centres are marked with an ‘o’.
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Figure 29: A randomly selected subset of the interferometric data (Figure .
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Figure 30: Residuals associated with the fit of a Gaussian RBF (top), thin
plate spline RBF (middle) and bivariate polynomial of total degree 13 (bottom)
to interferometric data (Figure .
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10 Summary and concluding remarks

In this report we have been concerned with empirical models for multivariate
data and systems. Polynomials and splines have been used very successfully
for modelling functions of one variable. What are the options for multivari-
ate data? We have found:

1. For data on a regular grid, approaches based on tensor product poly-
nomials are generally very satisfactory, combining good approximation
with very efficient approximation algorithms. Wavelets are important
for multiresolution data, i.e., describing local behaviour at different
scales or frequencies. Some classes of problems can be transformed so
that tensor product methods can be applied.

2. For scattered data approximation, radial basis functions (RBF) have
many attractive features: easy to implement, good approximations,
available for higher dimensions. However, to become a standard tool
for metrologists, further work would be beneficial to improve numerical
stability and computational efficiency.

3. Nonuniform rational B-slines are important tools in computation ge-
ometry and coordinate metrology.

4. To the extent that nonlinear classification problems are required for
metrology, neural networks and support vector machines provide an
important capability, with considerable research being undertaken on
statistical formulations, algorithms and applications.

In view of the potential of RBFs to fulfil an important role in modelling and
representing multivariate data, considerable research is being undertaken
to improve computation times (see, e.g., [3, 4]) and conditioning (e.g., [23]
38, [42]) as well as on the choice of centres (e.g., [41]). As RBF algorithms
improve, they are likely to become a standard tool for multivariate modelling
and data approximation in metrology.

Much of the underlying technology of support vector machines — statistical
information theory, kernel methods, etc., — are of potential value to metrol-
ogy, particular in situations in which the system under study is imperfectly
understood, for example, in biotechnology.
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